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ABSTRACT 


A  theoretical  derivation  Is  given  for 
elastic  and  plastic  buckling  of  stiffened  circular 
cylindrical  shells  under  external  hydrostatic  pres¬ 
sure.  The  theory  accounts  for  variable  shell 
stresses,  as  Influenced  by  the  circular  stiffeners, 
and  critical  buckling  pressures  are  obtained  for 
simple  support  conditions  at  the  shell-frame 
Junctures.  Methods  are  given  for  the  determina¬ 
tion  of  collapse  pressures  for  both  elastic  and 
plastic  asymmetric  buckling  by  Iteration  and 
nvimerical  minimization.  The  theory  Is  applicable 
to  shells  made  either  of  strain-hardening  or  elastic - 
perfectly  plastic  materials. 

Using  the  theory  developed  In  this 
report  It  Is  shown  that  a  variation  In  stiffener 
size  can  change  the  buckling  pressures.  Test  data 
from  high-strength  steel  and  aluminum  cylinders 
are  presented  which  show  theoretical  and  experl- 

I 

mental  collapse  pressures  to  agree  within  approxi¬ 
mately  6  per  cent . 
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INVESTIGATION  ON  THE  INFLUENCE 


OP  STIPPEINER  SIZE  ON  THE  BUCKLING  PRESSURES 
OP  CIRCULAR  CYLINDRICAL  SHELLS 

UNDER  HYDROSTATIC  PRESSURE 

INTRODUCTION 

Since  the  USS  HOLLAND  was  launched  in  1911^  the  Navy 
has  been  Interested  In  the  design  of  reinforced  cylinders 
for  submarine  structures.  Various  theoretical  formulae  have 
been  established  for  the  purpose  of  design  to  calculate  a 
collapse  pressure  for  a  specific  geometry,  and  experimental 
models  have  been  constructed  and  tested  under  external  hydro¬ 
static  pressure  to  check  the  theories. 

Collapse  pressures  for  various  modes  of  failure  must 
be  determined  before  the  naval  architect  can  arrive  at  a 
rational  design.  The  collapse  of  a  cylindrical  shell  stif¬ 
fened  by  circular  frames  may  occur  in  one  of  three  modes 
depending  upon  Its  geometry.  Considering  a  given  shell- 
thickness  to  shell -diameter  ratio,  failure  may  occur  by 

1.  General  Instability, 

t 

2.  Asymmetric  shell  buckling,  or 

3.  Axlsymmetric  shell  collapse. 

General  Instability  occurs  when  the  size  of  the  frames 


Is  critical  for  a  given  frame  spacing,  resulting  in  collapse 
of  the  frames  together  with  the  shell „  Failure  may  occur 
along  several  frames  or  it  may  occur  over  the  entire  length 
of  a  compartment.  Shell  buckling  occxirs  when  frame  size  is 
sufficient  to  prevent  general  instability,  but  the  frame 
spacing  is  critical.  In  this  type  of  shell  failure  a  series 
of  asymmetrical  lobes  form  in  the  shell  between  frames. 
Axlsymmetrlc  shell  collapse  occurs  when  the  frame  size  is 
sufficient  to  prevent  general  instability  and  the  diameter- 
frame  spacing  ratio  is  sufficient  to  prevent  shell  buckling. 
Failure  occurs  by  yielding  of  the  shell  material,  resulting 
in  an  axlsymmetrlc  fold  in  the  shell  between  frames. 

Theoretical  solutions  for  the  elastic  instability 
of  cylindrical  shells  have  been  derived  by  Mises  (1)  and 

II 

Sanden  and  Tolke  (2),  and  their  solutions  apply  when  stresses 
In  the  shell  are  linear  when  buckling  occurs.  The  problem 
of  plastic  collapse  has  been  recently  treated  by  Reynolds  (3) 
for  the  asymmetric  mode  of  failure  and  by  Lunchick  (4  and  5) 
for  the  axlsymmetrlc  mode.  In  their  solutions  the  nonlinear 
effect  of  the  stress-strain  curve  in  the  elastic-plastic 
region  is  considered. 

A  subject  of  current  Interest  to  the  naval  architect 
is  that  of  the  effect  of  the  size  of  the  reinforcing  circular 
frames  on  the  asymmetric  shell  buckling  of  cylindrical  shells 
under  external  hydrostatic  pressure.  This  problem  becomes 
Important  in  the  design  of  submarines,  since  it  is  advantageous 
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tp  struotur^  material  In  the  shell  and  frame  so 

distributed  that  It  gives  a  maximum  collapse  pressure  for  a 
minimum  weight . 

In  this  report  a  theoretical  analysis  of  the  asymmet¬ 
ric  shell-buckling  mode  of  a  circular  framed  cylindrical  shell 
loaded  under  external  uniform  lateral  and  axial  pressure  Is 
presented,  derard's  (6)  equations  of  equilibrium  for  plastic 
buckling  are  solved  using  realistic  expressions  for  stresses 
In  the  shell  determined  by  the  Salerno-Pulos  (7)  theory,  which 
accounts  for  the  effect  of  circular  frames.  Since  the 
stresses  at  the  shell-frame  Junctures  are  In  the  elastic- 
plastic  range  prior  to  plastic  collapse,  simple  support  Is 
assumed  at  the  shell-frame  Junctiares.  A  series  of  curves  show¬ 
ing  the  theoretical  effect  of  frame  size  for  specific  geometries 
of  Interest  to  the  naval  architect  Is  also  presented. 

The  analysis  presented  In  this  paper  Is  an  extension 
of  Reynolds'  (3)  solution.  It  differs  from  Reynolds'  (3) 
work  In  that  the  plasticity  coefficients  In  Gerard's  (6)  equa¬ 
tions  of  equilibrium  are  expressed  In  terms  of  variable  shell 
stresses  determined  by  Salerno  and  Pulos  (7).  The  feature 
of  variable  shell  stresses  becomes  Important  In  this  problem, 
as  a  change  In  frame  size  will  produce  a  change  in  shell 
stresses. 

Many  present  structures  are  being  constructed  from 
matei’lals  such  as  high-strength  steel  and  aluminum,  which 
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CHAPTER  I 

THEORY  'OF  BCCKUHO 

various  Investigators  have  considered  the  critical 
buckling  pressure  of  a  circular  framed  reinforced  cylinder 
loaded  under  external  uniform  pressure.  Mlses  (1)  considered 
the  case  of  a  cylindrical  shell  between  two  bulkheads  without 
Intermediate  stiffening  rings,  f.or  which  he  derived  an  elas¬ 
tic  analysis  assuming  the  prebuckling  stresses  (stresses  pre¬ 
ceding  bifurcation  of  equilibrium)  to 

It 

Later  Sanden  and  Tolke  (2)  considered  the  effect  of  the  stif¬ 
fening  rings  and  derived  an  elastic  analysis  for  hydrostatic 
loading.  Reynolds*  (3)  analysis  considered  both  elastic  and 
plastic  buckling  for  the  case  with  stiffening  rings.  In 
Reynolds'  (3)  solution  the  stresses  ^  and  were  used  to 

calculate  Gerard's  (6)  plasticity  coefficients.  Reynolds  (3) 

.  « 

then  used  stresses,  as  shown  by  Sanden  and  Gunther  (8),  to 

define  prebuckling  str'esses  In  the  equations  of  equilibrium. 
Plastic -Buckling  Theory 

In  the  case  of  circular  cylindrical  shells  loaded  under 
external  lateral  and  axial  uniform  pressiire  (external  hydro¬ 
static  pressure)  the  two  principal  axes  are  parallel  and  per¬ 
pendicular  to  the  longitudinal  axis  of  the  cylinder  (see 
Figure  1) , 
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Therefore,  the  shear  stress  Is  given  by 

•r. 

r-  -ft.,  o. 


Using  membrane  stress  theory,  which  considers  only  stresses 
on  the  middle  surface  of  the  shell  (neglecting  bending),  the 
longitudinal  membrane  stress  can  be  determined  from  the  equa¬ 
tion  of  equlllbrl\un  In  the  longitudinal  direction: 

«  4^  >  is: 


where  N  Is  the  longitudinal  force  per  unit  length  In  the 
longitudinal  direction. 

The  circumferential  membrane  stress  can  be  obtained 
by  the  analysis  of  Salerno  and  Pulos  (7)  who  express  the 


stress  as  follows: 


A 


where 

* 

In  the  theory  of  buckling,  a  certain  stress  condition 
at  a  point  In  the  shell  is  assumed  to  reach  a  limiting  value 
at  the  onset  of  collapse.  The  clrcximferentlal  stress  varies 
with  X  and  the  stress  condition  is  assumed  to  be  most  criti¬ 
cal  at  midbay;  therefore,  the  stress  is  taken  at  the  midbay, 
midplane  fiber  location.  The  function,  0,  which  determines 
the  axlsyrametrlc  stress  at  this  location  of  a  circular 


framed  cylindrical  shell  loaded  under  external  hydrostatic 
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pressure  is  given  by  the  theory  of  Salerno,  and  Pulos  (7)  and 
expressed  by  Krenzke  and'  Short  (9)  as  follows: 


-f  »  F.il-0) 


[4] 


where  a.x  is  the  ratio  of  frame  area  to  shell  area  and  is 
expressed  as 

and  p  is  the  ratio  of  faying  width  of  the  stiffener  to  bay 
length  and  is  expressed  as 


and 


‘f-' 


I4b] 


Ap  is  the  effective  area  of  the  frame  obtained  by 
^  multiplying  the  true  area  of  the  frame  by 
R/Hp  for  Internally  framed  cylinders  and 

(R/Rp)®  for  externally  framed  cylinders, 

h  is  the  shell  thickness, 

Lp  is  the  center  to  center  frame  spacing, 

b  is  the  effective  faying  width  of  the  stiffener 

in  contact  with  the  shell, 

L  is  the  clear  span  frame  spacing,  Lp  -  b, 

R  is  the  radius  to  the  midplane  surface  of  the  shell, 

Rp  is  the  radius  to  the  c.g.  of  the  frame, 

V  is  Poisson’s  ratio, 

E  is  Young’s  modulus,  and 

p  is  external  uniform  pressure. 
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The  funot lens  Fi  an^  Fa  are  defined  as  fpllowst 


PI] 


Cosh ^,9  S//^^a6  ,  S//^h  ^^6  Cos 

'?z  f/ 

- - : - 

Cosh  ff,9  &  .  Cosf^zG  6tH^x6 

in  which  Q  is 'the  shell  flexibility  parameter  and  is 


expressed  as 


e»  vJC/« v‘; 


^4  *T^~ 

'7a  *  "£  Jf  '^y,  , 

where  yx  is  &  measure  of  the  beam-column  effect  and  is 


expressed  as 


ZE  ^  " 

When  7i  =  0  (no  beam-column  effect),  the  above  expressions 
for  the  Salerno-Pulos  (7)  stress  at  the  midbay,  midplane 
location  reduce  to  the  Sanden-Oflnther  (8)  theory. 
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«iiBpllfloat^lon,  curves  are  shown  in  A^eadix  A 
evaluation  of  the  functions,  Fi  and  Fe.  It  has  been  shown 
by  Krenzke  and  Short  (9)  that  stresses  computed  using  these 
curves  are  within  0.2  per  cent  of  those  computed  by  precise 
calculations. 

In  this  analysis,  the  plasticity  coefficients  are 
expressed  in  terms  of  and  and  the  assumption  of  Reynolds 
(3)  that  C_  "  2fi„  is  not  made.  Utilizing  Gerard’s  (6)  plas- 
ticlty  coefficients  and  general  differential  equations  of 
equilibrium  for  the  plastic  region  (see  Appendix  B)  and  using 
Equation  1,  one  will  find  that  the  coefficients  involving  the 
shear  stress  vanish;  l.e. 

C/j  ^31  “  ^23  *  [f 

Therefore,  the  equilibrium  equations  can  be  written  as 


i-  !»  •  O, 


[6]  oont'd 


It  Is  obvious  that  an  exact  solution  to  Equations  6  Is  not 
readily  obtained  and  an  approximate  solution  must  be  sought. 

If  simple  support  conditions  are  assumed  at  the  shell - 
frame  Junctures,  the  boundary  conditions  which  must  be  satis¬ 
fied  are 


W 


0 


[?] 


and 


x«o 


dV 


0  . 

X  a  /. 


[8] 


Simple  support  implies  that  the  fraunes  offer  no  restraint  to 
longitudinal  bending  In  the  shell  at  the  shell-frame  Junctures, 
This  assumption  at  the  boundary  may  be  Justified  by  concluding 
that,  when  plastic  behavior  begins  In  the  shell  at  the  shell- 
frame  Junctures,  the  frames  produce  little  restraint  against 
rotation  of  the  shell.  The  general  solution  of  Equations  6 
satisfying  the  boundary  conditions.  Equations  7  and  8,  can  be 
expressed  as 
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L4  ^  6/a/  J(s  Cos  Ax 

V  "A  Cos  Ms  Sm'Xk 
w  =  S/n^M^  S/^  Ax  , 


t9] 

where  the  mode  shape  coefficients,  k  and  Tv,  are  expressed  as 

k  =  n/R  and  Tv  a  mir/L, 

In  which  m  and  n  are  numbers  of  half-waves  of  the  buckling 
configuration  In  the  longitudinal  and  circumferential  direc¬ 
tions,  respectively.  The  quantities  u,  v,  and  w  In  Equations 
9  represent  small  displacements  In  the  x,  y,  and  z  directions 
respectively  (see  Figure  1).  Substituting  these  displace¬ 
ments  into  Equations 6,  we  obtain  three  linear  equations: 

*-f]  A,  -  A  A  (f  - «  A 

=  o. 

=<? 

A  "  A  A^«  "  A*A4  Sm/Xh 


10  express  thej  dlapl&eeBSBttt 8  u,  v,  and  w,  asxd  their 
derivatives,  In  terms  of  the  arbitrary  mode  shape  parameters, 
Ae,-Be,  and  Cot  The  stability. criterion  assumes  the  shell 
will  buckle  when  the  displacements  Increase  bey|)nd  limit.  To 
satisfy  this  criterion,  the  determinant  oi*  the  coefficients 
of  Ao,  ’  Bp,  and  Co  must  be  set  equal  to  zero.  Equating  this 
determinant  to  zero,  we  pbtaln  the  characteristic  equation.^ 

-[  X‘(/ -  ac  ^  J’ 

4^)  I*  ( I  ■  * 

-A‘Ai 


where 


13 


Bfuatien  11  Implicitly  expresses  the  pressure  as  a  fanotion 


of  6„,  6_,  N.»,  and  N_.  .Noting  that 

*  A  8  A  0 

x 

H 

II 

[12] 

and 

/Vj  = 

[13] 

we  can  put  Equation  11  in  the  form  p  =f  (6  /  fi  ). 

A  O 

f*' 

Nadal  (10)  and  Hoffman  and  Sachs  (11)  show  that  an 
effective  stress,  6^,  and  an  effective  strain,  can  be 
determined  by  the  octahedral  shear-stress  theory: 

tf/-  ^  5t*  [1^1 

and 

^  ^  ).  ti5i 

If  we  utilize  the  ratio  of  the  circumferential  and  longitu¬ 
dinal.  stresses,  we  obtain 


[16] 


For  principal  stresses  and  strains  t  =  7  =  0,  and  Equation 
14  with  the  use  of  Equation  16  can  be  written  In  the  following 
three  forms; 
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_ 

a*  y-  / 


a  »  rfi* 

y^*-2^  *■/ 


tl7l 


From  Appendix  B  the  effective  stress  parameter  Is  expressed 
as 


where  the  tangent  and  secant  moduli  are 

vr  ^  ctdi 

'i[€r 

and 


119] 


[20] 


respectively. 

The  values  and  In  Equations  14,  15,  ig,  and  20  are 
aos\imed  to  be  the  same  as  those  in  a  uniaxial  compression 
test,  and  therefore,  and  Eg  can  be  obtained  directly  from 
a  stress-strain  curve  of  the  material. 
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E(|uatlons  17  &nd  18  oan  be  written  aa 

-  CM, 

sna  ^  a  CM, 

where  the  coefficient,  C,  Is 

V(7p^:~zT7/J~  ' 

and  the  moduli  parameter,  M,  Is 


[21] 


[21a] 


[21b] 


Substituting  Equations  21  into  the  characteristic -value  equa¬ 
tion,  Equation  11,  the  plastic -buckling  pressure,  Pp,  can  be 
expressed  after  simplification  as 


. .  »/>!■<, -feApX/ v-  fcM)*Xt3 

*  ‘'‘iic*'"')"-  ■•'“f  *  ^“*5 


[22] 


where 


X,  *  ^ 
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i 


*nd 

At  = 

A,  =  2A‘A*(aV  >*)* 

A,  =  2A*(><**-A‘)*(A*/-2A*) 

A, 

A,  ^aA'A^C^A'-A*^  [23) 

A,  =  aA’A*(2A*-  A‘)(A*-  2  x‘) 

A,  =  8A'A*(a‘-2X*; 

A,  =  •S‘A‘(A*.‘yA*). 

Since  0  Is  a  function  of  the  pressure  (see  Equation  3)^ 

Equation  22  represents  a  transcendental  equation  for  the 
pressure,  Pp.  The  plastic-buckling  pressure,  Pp,  in  Equation 
22  defines  a  range  of  collapse  iJressures  for  different  values 
of  0^  beyond  the  elastic  limit.  The  flexural  rigidity  of  the 
shell,  D,  in  Equation  22  Is  given  by 

^  /zO-y‘)  ’  [S'*' 

where  Poisson's  ratio,  v.  In  the  elastic -plastic  region  is 
shown  by  Gerard  and  Wlldhorn  (12)  to  be 
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equllibrluid  .epilations  were  derived  for  a  pen- 
^lleon^a  ratio  of  1/2,  'j£quatlon  25  is  used  In 

2^1-  to  account  for  the  fact  that  Poisson’s  ratio  Increases  from 

,  ! 

Its  value  V-  In  the  elastic  region  to  an.  upper  limit  of  1/2 
0 

for  an  Isotroploj  Incompressible  material.  ■  Poisson’s  ratio 
In  the  elastic  region  Is  usually  assumed  to  be  0.3  foremost 
structural  materials.  For  a  check,  a  rigorous  comparison 
shows  that  Equation  22  with  d  »  1  reduces  Identically  to 
Reynolds*  t(3)»  P«^]  solution  for  =•  1/2. 

wV  0 

Equation  14  can  also  be  used  to  determine  the  rela¬ 
tionship  between  the  prebuckling  stress  condition  In  the  shell 
and  the  applied  pressure.  Solving  Equation  14  for  p,  one 
obtains: 


2^(rj 


[26] 


Since  0  is  a  function  of  the  applied  pressure  (see  Equation  * 

3),  Equation  26  represents  a  transcendental  equation  for  the 
pressure,  p.. 

D 

Buckling  of  a  cylindrical  shell  in  the  asymmetric 
mode  Is  assumed  to  occur  when  the  applied  pressure,  p^,  equals 
the  plastic-buckling  pressure,  p^.  Therefore,  the  plastic- 
collapse  pressui'e,  p^,  which  uniquely  defines  the  plastic- 
buckling  pressure  of  the  shell,  is  obtained  by  the  simultan¬ 
eous  solution  of  Equations  22  and  26.  As  an  analytical  solution 
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to  .these  eniuatlonB  would  be  quite  tedious.  If  not  Impossible, 

a  grepMoal  solution  is  recommended,  Iquatlon  22  can  .be 

plotted  in  the  form  Pp  versus  and  Equation  26  in  the  form 

p  versus  6, .  The  intersection  of  these  'two  curves  then 
s  1 

defines  the.  collapse  pressvire,  p.. 

Method  for  Computing  Plastic-Collapse  Pressure 

1.  '  Assume  a  value  for  n  and  compute  k  and  A  by  Equation 

9.  The  value  of  m  which  will  yield  a  minimum  p^  is 
unity . 

2.  Calculate  coefficients  Ax,  As,  Aa,  A*,  As,  As,  Ar, 

Aa,  and  Ae  by  Equations  23. 

3.  Compute  E,  and  E^.  and  E„  by  Equations  19  and  20  for 

w  S 

stresses,  6^,  beyond  the  elastic  limit. 

4.  Assxime  a  value  for  pp  at  a  specific  6^  and  compute 
<t>  by  Equation  4. 

5.  Compute  p  by  Equation  22, 

6.  Repeat  Steps  4  and  5  until  the  assumed  value  of  p 

kr 

in  Step  4  is  sufficiently  close  to  the  computed 
value  of  Step  5. 

7.  Repeat  Steps  1,  2,  4,  5,  and  6  varying  n  at  one  point 
on  the  stress-strain  curve  to  determine  the  value  of 
n  which  will  yield  a  minimum  Pp. 

8.  With  the  value  of  n  thus  obtained,  repeat  Steps  4,  5, 
and  6  for  various  values  of  6^^  between  the  elastic 
limit  and  yield  point. 
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9.  Plot  Pp  versus  in  the  p  -  (5^  plane. 

10.  Assume  a  value  for  Pg  at  a  specific  6^  and  compute 
4)  by  Equation  4, 

11.  Compute  Pg  by  Equation  26. 

12.  Iterate  Steps  10  and  11  until  the  computed  p_  equals 

D 

the  assumed  Pg. 

13.  Repeat  Steps  10,  11,  and  12  for  various  values  of 
6^  beyond  the  elastic  limit. 

14.  Plot  Pg  versus  0^  In  the  p  -  plane. 

15.  The  Intersection  of  the' two  curves  of  Steps  9  and 
14  gives  the  collapse  pressure,  p„. 

The  above  procedure,  outlined  for  a  strain-hardening 
material.  Is  greatly  simplified  for  an  elastlc-perfectly 
plastic  material.  As  the  value  of  6^  for  an  elastlc-perfectly 
plastic  material  Is  never  greater  than  6^,  a  curve  of  5^^ 
versus  Is  a  horizontal  line  In  the  plastic  region,  and  a 
plot  of  p  versus  6.  in  Step  9  Is  the  vertical  line  fi.  =>  6  . 

^  -L  X 

Elastic -Buckling  Theory 

When  the  geometry  of  the  shell  structure  Is  such  that 
elastic  buckling  can  occur,  the  intersection  of  p  versus  0^ 
and  p„  versus  occurs  for  a  value  of  less  than  (3^,  the 
elastic  limit  of  the  material.  In  this  case  one  sees  that 
E^/Eg  =»  1  and  Equation  22  reduces  to  Reynolds '  solution 
[(3)j  P*  5]  for  the  elastic-buckling  pi’essure,  p^,  which  can 
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be  written  as  followei 


'e 


EL 

A 


jL 


[27] 


A  plot  of  Pg  versus  0^  Is  the  horizontal  line  p  =  p^  In  the 
p  -  plane  and,  therefore,  the  critical  buckling  pressure 
may  be  obtained  directly  from  Equation  27.  Equation  27  Is 
also  a  transcendental  equation,  and  the  elastic-collapse 
pressure,  p^,  must  be  determined  by  Iteration. 


Theoretical  Results 

Calculations  have  been  carried  out  for  a  series  of 

geometries  In  the  plastic-buckling  range  to  show  the  effect 

of  frame  size  on  the  shell-buckling  pressure,  p.,  according 

c 

to  the  developed  theory.  A  strain-hardening  steel  with  a 
yield  Btrengtli  of  88,000  psi  is  used  for  demonstration  pur¬ 
poses,  and  the  results  are  presented  In  graphical  form  In 
Figure  2.  As  shown  In  the  graph,  the  flexibility  parameter, 

0,  has  a  limiting  value  of  4.0,  for  which  an  Increase  of  the 
relative  frame  size  will  not  produce  any  Increase  In  collapse 
pressure.  Thus,  at  this  limit  the  ratio  of  frame  area  to 
shell  area  need  only  be  sufficient  to  prevent  frame  failure 
together  with  shell  falliire.  As  0  is  a  function  of  h  and  R 
and  Is  directly  proportional  to  the  bay  length,  L,  it  Is  seen 
that  for  a  constant  h  and  R,  0  Is  totally  dependent  on  L.  For 
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8  is  an  impoPtant  aspedt  on  the  efCeet 

of  frame  size.  The  collapse  pressures  represented  in  Figure 
2  ac?e  for  an  asymnetrlc  collapse^  and  thus,  for  small  values 
of  the  ratio  of  frame  area  to  shell  area  (close  to  aero)  the 
theory  no  longer  applies,  since  collapse  by  general  instabil¬ 
ity  would  occur. 
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CoUaBsa  Prasaure,  In  pal 


Frame  Aroa/shell  Area 


Figure  2  -  Effaot  of  Frame  slae  on  Staell-Buokling 
Presauraa  of  steel  oyllndera 
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CHAPTER  II 


EXPERIMENTAL  INVESTiaATION 

Bescrlptlon  of  Models 

To  -  determine  experimentally  what  effect  the  circular 
frames  have  on  a  cylindrical  shell  loaded  under  external  hydro 
static  pressurej  four  models  were  fabricated  and  tested  In  a 
pressure  tank.  •  As  pioneering  work  Is  currently  being  con¬ 
ducted  In  the  use  of  aluminum  for  oceanographic  research  vehi¬ 
cles,  a  high-strength  aluminum  alloy  was  chosen.  The  fo\ir 
models  were  constructed  of  7075-T6  extruded  aluminum  5  1/2- 
In.  diameter  round  bar  stock.  Machined  structia?al  models 
were  favored  as  opposed  to  welded  models  to  eliminate  the 
effects  of  initial  deflections  and  residual  stresses  which 
occur  In  a  welded  model,  Lunchlck  and  Short  (13)  and  Krenzke 
(14)  have  shown  that.  In  welded  models,  the  heating  and  cool¬ 
ing  process  occurring  when  the  webs  of  the  frames  are  welded 
to  the  shell  causes  an  Initial  Inward  frame  deflection  for  an 
externally-framed  cylinder.  On  the  other  hand,  an  Initial 
outward  frame  deflection  occurs  for  an  Internally -framed 
cylinder.  These  Initial  deflections  cause  residual  stresses 
and  beam-column  effects  which  can  affect  collapse  pressures. 

Each  model  had  the  same  shell  thickness,  radius,  and 
typical  bay  lengths,  and  only  the  cross-sectional  area  of  the 
frames  varied.  Figure  3  illustrates  the  various  geometries 
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tiM  ^i^elSo  As  IB  notedj  the  tvo  end  frames  of  each  imdel 
Itsrgw?  in  ci^8-iseieti«Mrl  t>a»  the 
t^ichl  fx>8i^  at  midspAn,  and  the  .  lengths  df  the  end  ti$BTve 
slightly  changed  from  that  of  the  three  typical  bay  lengths. 

changes  are  necessary  to  reduce  dlsoontin'ulty.  stresses  iflS) 
caused  by  the  very  rigid  closure  bulkheads.  These  end-bay 
arrangements  were  designed  by  ,  the  ’’Optimum  End  Bay' Design"  of 
Short  and  Bart  (16)  and,  in  effect,  this  design  produces  a 
stress ■ distribution  in  the  three  center  typical  bays,  which 
would  be  the  same  as  that  for  a  circular  framed  cylinder  of 
infinite  length  and  under  external  hydrostatic  pressure. 

Model  1  had  a  frame  area  equal  to  30  per  cent  of  the 
shell  area.  The  frame  ax‘ea  of  Model  2  was  40  per  cent  of  that 
In  the  shell.  Model  3  had  a  frame  area  70  per  cent  of  the 
shell,  and  Model  4,  100  per  cent  of  the  shell  area.  Frame 
size  was  varied  in  the  size  of  the  flange  and  depth  of  the  web. 
The  shape  of  the  frames  on  all  four  models  was  that  of  a  T- 
sectlon,  and  the  faying  width  of  the  webs  was  held  constant  In 
order  to  hold  the  bay  lengths  the  same.  Dimensions  of  the 
frames  for  each  model  are  noted  in  tabular  form  In  Figure  3. 

Critical  dimensions  of  each  model  were  machined  to  a 
tolerance  of  .0005  in.,  and  were  measured  after  fabrication 
to  check  tolerances. 

Instrumentation 

Models  1  and  3  were  instrumented  with  38  foil -type 
electrical  resistance  strain  gages.  Fifteen  gages  were  placed 
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oii  tfee  Ijaslde  shell  surface  of  the  center  bay  at  raidbay  In  the 
ial  (Ur«ctlon«  eeiually  8|>aoed  arotmd'  a  iSo-dag. 
nffPEiiPRter.  Fifteen  additional  gasses  were  placed  on  the  put-, 
side- shell  surface  directly  opposite  the  inside  circumferential 
midbay  gages.  Fo\ir  gages  were  placed  on  the  inside  surface 
directly  beneath  the  centerline  of  the  typical  frames  In  the 
circumferential  direction,  and  four  gages  wfre  placed  perpen¬ 
dicular  to  these  for  strain  measurements  in  the  longitudinal 
direction. 

Models  2  and  4  were  instrumented  with  34  strain  gages. 
The  gages  were  oriented  as  in  Models  1  and  3,  except  for  the 
fotir  longitudinal  gages  utilized  on  Models  1  and  3  hut  omitted 
on  Models  2  and  4, 

Test  Procedure 

The  testa  were  conducted  in  the  following  order; 

1 .  Model  2 

2 .  Model  4 

3 .  Model  3 

4.  Model  1 

Each  model  was  tested  in  a  pressure  tank  under  external  hydro¬ 
static  pressure.  The  ends  of  the  models  were  closed  by  a 
closure  bulkhead  and  each  end  was  sealed  by  means  of  an  "G" 
ring.  Each  model  was  placed  in  the  pressure  tank  and  a  pipe¬ 
line  was  connected  between  the  hRari  of  the  tank  and  one  clo¬ 
sure  bulkhead,  venting  the  interior  of  the  model  to  atmos¬ 
pheric  pressure.  Oil  was  then  poured  into  the  interior  of  the 
model  to  absorb  energy  expected  to  be  released  at  the  moment 
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of  oolla^e .  tmk  head  was  then  &ealed>  and  the  modal  wae 
SSS&  fsa’  tSBting^  W.©ire  .4  iiluatrates  the  tost  seta^* 

ppessure  xnms  were  made  on  eaoh  ti^el.  the 

first  run,  strains  were  recorded  at  various  pressxire  Inore- 
ments  and,  when  plastic  action  was  observed,  the.^essure  was 
dropped  to  zero.  Strains  were  then  recorded  at  zero  presstire 
to  determine  if  any  permanent  set  had  occurred.  During  the 
second  run,  strains  were  also  recorded  at  various  pressure 
Increments,  but  the  model  was  tested  to  collapse.  Table  1 
shows  the  loading  schedule  and  pressure  Increments  at  which 
strains  were  recorded. 

Pressures  were  applied  by  means  of  a  hand-operated 
hydraulic  pump  and  were  recorded  with  a  Bourdon-Tube  pressure 
gage.  Strains  were  measured  by  means  of  Baldwin  Strain 
Indicators. 

Stress-Strain  Properties 

To  apply  the  plastic-buckling  theory,  the  stress- 
strain  curves  of  the  material  had  to  be  accurately  determined. 
Sixteen  test  specimens  were  removed  from  the  cylindrical 
7075-T6  bar  stock.  At  each  end  of  the  bar  stock,  four  speci¬ 
mens  were  taken  in  the  longitudinal  direction  and  foiir  in  the 
circumferential  direction,  each  at  90-deg.  Intervals.  Each 
specimen  was  taken  at  a  2-ln.  radius  to  coincide  with  the 
location  of  the  shell  of  the  models.  Each  specimen  was 
machined  into  a  solid  cylinder  1/2  in.  in  diameter  and  2  in. 
long.  Before  testing,  the  diameter  of  each  specimen  was 
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To  Fmp 


Atmos  pharlo 

Pressure 


Pressure 


>rAii£  1 


LOABINQ  StSH^TLE 


ft?eB8U3?e,  In  psl.  At  Which  Strains  Were^  ReOor^ad 

Model  1 

Model  2 

Model  3 

MO^'  4  - 

Run  1 

Run  2 

Run  1 

Run  2 

Run  1.. 

Run.  2 

Run.  1 

0 

0 

0 

0 

0 

0 

0 

1 

0 

100 

250 

50 

■  250 

200 

500 

100 

500 

200 

500 

100 

500 

400 

750 

200 

750 

300 

750 

200 

750 

600  • 

900 

300 

900 

400 

900 

300 

1000 

700 

1000 

400 

1000 

500 

1000 

400 

1100 

800 

1100 

500 

1100 

600 

1100 

500 

1200 

900 

1200 

600 

1200 

700 

1200 

600 

1255 

1000^ 

1300 

700 

1300 

800 

1250 

700 

1300 

0 

1350 

800 

1350 

900^ 

1300^ 

800 

1355 

1400 

900 

1390° 

1000 

0 

900 

1375 

1420° 

1000^ 

0 

0 

1000^ 

1400^ 

0 

1100 

1100 

0 

1200 

1200 

0 

0 

jjf  Inelastic  action  was  first  observed. 

a  Failure  by  general  Instability  occurred  before  strains 
could  be  read. 

b  Failure  by  shell  buckling  occurred  before  strains 
could  be  read. 

c  Failure  by  shell  yielding  occurred  before  strains 
could  be  read. 
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to  tftd  naaro&t  0.(X)01  in.  Each  speolman  was  loaded 
Iri' oomprcBSlon  by  a  30,000-lb.  testing  machine  to  determine 
the  ohaz*aoteristlo  load-strain  curves.  Ilfoad -strain  curves 
were  obtained  on  fourteen  specimens  by  means  of  an  automatic 
recording  extensometer,  and  two  circumferential  specimens, 
one  from  each  end  of  the  bar  stock,  were  tested  with' a 
Tuckerman  strain  gage.  Elastic  limits,  together  with  an 
asBiimed  yield  strength  at  the  0.2-percent  offset  of  the 
stress-strain  curve,  were  computed  for  all  sixteen  specimens. 
The  elastic,  tangent,  and  secant  moduli  were  computed  from 
results  of  the  Tuckerman  tests.  Figure  5  Illustrates  in 
detail  the  properties  of  the  7075-T6  aluminum. 
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C«AfTER  m 


TEST  RESULTS 

'Model  1,  which  had  a  ero88<-Bectlonal  frame  area  30 
per  cent  of  the  shell  area,  collapsed  at  a  pressm'e  of  1300 
psl  by  plastic  general  Instability.  The  frESBes  were  not  of 
sufficient  size  to  prevent  frame  failure,-  and  both  frames  and 
shell  failed  simultaneously  over  the  entire  length  of  the 
model  In  a  single  "deep  dish"  lobe.  Width  of  the  lobe  was 
approximately  one-eighth  of  the  circumference  of  the  model. 
Tearing  of  the  shell  from  the  end  rings  and  frames  occiirred 
throughout  the  lobe,  and  the  two  center  frames  buckled  inward 
( see  Figure  6) .  Tearing  of  the  model  was  a  secondary  effect, 
and  occurred  after  collapse  because  of  the  brittleness  of 
aluminum. 

Model  2,  which  had  a  cross-sectional  frame  area  40 
per  cent  of  the  shell  area,  collapsed  at  1400  psl  by  plastic 
asymmetric  buckling.  Failure  occurred  In  all  three  typical 
bays  by  a  series  of  non symmetrical  lobes  accompanied  by  lat¬ 
eral  twisting  of  the  frames.  The  length  of  the  lobes  was 
approximately  one-tenth  of  the  circumference  of  the  model. 

In  several  places  tearing  occurred  at  the  shell-frame 
Junctures,  but  this  was  not  as  pronounced  as  In  Model  1.  It 
was  observed  In  areas  where  tearing  did  occur,  however,  that 
several  lobes  ran  together,  giving  the  appearance  of  a  longer 
than  normal  lobe  (see  Figure  7). 


eont  of  the  shell  area,  collapsed -at  14S0  psi  by- aa^L^».- 
raetrlo  shell  yielding.  Pailui*e  occurred  in  the  first  typical 
be^  from  the  end  ring  along  a  l80*deg.  generator  around  the 
clroxmf erence .  Tearing  occurred’  at  the  two  frame-shell  Junc¬ 
tures  and  at  midbay  (see  Figure  8). 

Model  which  had  a  cross-sectional  frame  area  iOO 
per  cent  of  the  shell  area,  collapsed  at  1390  psl  by  axlsym- 
metrlc  shell  yielding  similar  to  Model  3i  however,  the  area  of 
collapse  was  more  pronounced  in  Model  4.  The  length  of  the 
failure  In  Model  4  extended  over  approximately  200  degrees. 
Failure  occurred  In  the  first  typical  bay  from  the  end  ring 
and  tearing  of  the  shell  at  the  hinge  locations  occurred  as 
in  Model  3  (see  Figure  9). 

A  graphical  representation  of  the  collapse  pressures 
is  shown  in  Figure  10,  together  with  various  corresponding 
theoretical  formulae.  The  Hencky-Mlses  (17)  yield  criterion 
at  outside  midbay  assumes  that  failure  occurs  when  the  effec¬ 
tive  stress, 6^,  on  an  outside  fiber  at  midbay  reaches  the 
yield  strength  of  the  material.  An  extension  of  this  theory 
is  that  of  Kempner  and  Salerno  (18),  in  which  failure  is 
assumed  to  occur  when  the  stresses  inside  at  the  frame, followed 
by  stresses  at  outside  rnldbay,  reach  the  yield  strength. 
Lunchlck's  (4)  plastic-hinge  theory  for  axlsymmetric  collapse 
Is  for  an  elastic -perfectly  plastic  material  and  allows  for  an 
amount  of  plastic  reserve  strength  before  failure  occurs. 
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piaatlo  region.  Slight  permanent  set  ooctirred  after  the  fS^t 
E^esaure  run,  and  much  mere  was  observed  after  the  loedels  failed. 
'  Strain 'seneitlvitleB  for  Models  1,  2,  3,  and  4  mea^ired 
tests  8a»e  shown  in  Figure  11,  together  with  the  eorreapondlng 
theoretloel  strain  sensitivities  as  determined  by  the  Salerno-^ 
Pulos  (7)  theory.  Strain  levels  decreased  in  the  circumfer¬ 
ential  direction  both  inside  and  outside  in  all  four  models 
for  an  Increase  of  per  cent  area  of  frame.  However,  strain 
levels  Increased  in  the  longitudinal  direction  on  the  Inside 
surface  at  the  frame  for  an  Increase  of  per  cent  area  of  frame. 
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Fig*  6a  outalda  View 


Pig.  6b  Inside  View 
Figure  6  •  Model  1  After  Collapae 
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Fig*  7a  Outside  Vie* 


Fig*  7b  Inside  View 
Figure  7  -  Model  2  After  Collapse 
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fig*  8ft  outside  View 


Pig*  8b  Ixxside  View 
Figure  8  -  Kodel  3  After  Collepee 
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Fig*  9a  OutsidA  Vltv 


Fig.  9b  InsldA  View 
Flgur*  9  -  Model  4  After  collapee 
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Figure  10  -  Effect  of  Frame  Size  on  Collapse  Pressures 

of  Aluminum  Cylinders 
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CHAPTER  IV 


DISCUSSION 

PlsousBlon  of  Experimental  Results 

The  experimental  results  showed  that  an  appreciable 
Increase  In  collapse  pressure  occurred  from  the  30-percent 
frame  area  case  to  the  4o-percent  frame  area  case.  This  kind 
of  behavior  can  be  explained.  At  the  30-percent  frame  area 
a  general  instability  failure  occurred.  At  the  40-percent 
frame  area  buckling  of  the  shell  occurred  between  frames.  Only 
a  small  Increase  In  collapse  pressure  occurred  between  40- 
percent  and  70-percent  frame  size.  At  70-percent  frame  size 
an  axl symmetric  yield-type  failure  occurred  Instead  of  asym¬ 
metric  buckling.  Strains  at  the  frame  Indicated  that  longitu¬ 
dinal  stresses  grow  with  an  Increase  of  per  cent  frame  size 
(see  Figure  11)  which  could  cause  premature  yielding.  A  sub¬ 
sequent  Increase  to  100-percent  frame  size  caused  collapse  at 
a  lower  pressure  than  that  of  the  4o-percent  frame  size.  For 
an  Increase  In  per  cent  frame  size,  the  relative  decrease  In 
circumferential  strains  at  a  frame  was  greater  than  the  decrease 
In  clrciunferentlal  strains  at  midbay.  This  shows  that  large 
frames  lower  frame  deflections,  but  Increase  bending  of  the 
shell  at  the  frames,  thus  causing  relatively  higher  longitudinal 
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Btresaea  In  the  shell  at  the  frame  locations.  Therefore;,  in 
the  case  of  the  lOO-percent  ft’ame  size,  the  bending  8ti*e8aeB 
in  the  shell  at  the  frames  could  have- adversely  affected ithe 
collapse  pressure. 

Comparison  of  Theory  with  Exij)erinient 

For  the  models  tested,  the  asymmetric  theory  predicts 
an  Increase  in  shell -buckling  pressure  for  an  increase  in  frame 
size.  As  only  Model  2  failed  in  this  mode,  It  is  difficult  to 
make  a  positive  conclusion  concerning  the  actual  trend.  How¬ 
ever,  it  would  seem  reasonable  to  assume,  from  the  much  lower 
collapse  pressure  of  Model  1  and  the  higher  pressure  of  Model 
3,  that  the  experimental  buckling  pressures  also  Increase  with 
an  Increase  of  frame  size  to  a  point  where  axl symmetric  col¬ 
lapse  occurs.  This  Increase  in  buckling  pressure  for  an  Increase 
of  frame  size  agrees  with  Equations  22  and  26,  p„,  as  shown  in 
Figure  10.  Using  Equations  22  and  26,  p>,,  and  Lunchlck's  (4) 
plastic-hinge  theory  for  axlsyrametric  collapse,  the  transition 
between  asymmetric  and  axisymmetrlc  collapse  occurs  for  a 
frame  area  62  per  cent  of  the  shell  area,  which  case  is  between 
Models  2  and  3< 

The  solution  of  Equations  22  and  26  of  this  report, 
Rejmolds'  (3)  theory,  and  Lunchlck's  (4)  plastic-hinge  theory 
all  predict  collapse  preB8Ui*e8  on  the  unconservative  side  of 
the  experimental  values.  Reynolds  (3)  does  not  completely 
account  for  actual  prebuckling  stresses  in  the  shell  as  influ¬ 
enced  by  the  frames,  and  the  plastic-hinge  theory  Is  not  strictly 
applicable  to  a  strain -hardening  material. 
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When  the  Henoky-Mises  (17)  yield  criterion  la  utilized 
at  outside  mldbayj  theoretical  collapse  preasiires  are  on  ithe 
conservative  side  of  the  experimental  values.  The. theory  of 
Xempner  and  Salerno.  (18)  shows  collapse  presstires  slightly  lower 
than,  those  given  by  the  theory  of  Hencky  and'Hlses  (17).  The 
theory  of  Kempner  and  Salerno  (18)  predicts  collapse  to  occur 
when  the  effective  stresses  in  the  shell  on  the  Inside  surface 
at  the  frame,  followed  by  stresses  at  outside  mldbay|  reach  the 
yield  strength  of  the  material. 

The  experimental  results  for  aluminum  indicate  that 
failure  occurs  at  a  point  somewhere  between  the  membrane  and 
outer-fiber  stress  criteria.  This  should  only  apply  to  the 
alviminum  used  in  these  tests,  and  possibly  for  other  structural 
materials  with  the  same  properties  as  7075--T6  aluminum. 

The  over-all  effect  of  frame  size  between  frames  with 
an  area  40  per  cent  and  100  per  cent  of  the  shell  area  is 
shown  by  Lunchlck’s  (4)  plastic-hinge  theory,  which  indicates 
only  a  slight  change  in  collapse  pressure  with  an  increase  in 
frame  area.  Once  axlsyrametrlc  yielding  occurs.  It  appears 
evident  that  any  positive  effect  of  an  Increase  In  frame  size 
In  Increasing  collapse  pressiores  is  offset  by  higher  bending 
stresses  created  both  at  the  frame  location  and  at  midbay. 

As  the  test  data  presented  In  this  report  Is  Insuffici¬ 
ent  for  an  adequate  comparison  with  the  theoretical  concepts 
presented  In  Chapter  I,  other  experimental  data  are  studied. 
Reynolds  (3)^  In  his  comprehensive  study  of  plastic  buckling. 
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z^p@pt«d  the  test  results  of  seven  steel  isodels^  five 


©f  welded  oonstpuetlon  and  two. machined.  Results  of  these 
tests  are  compared  with  theoretical  formulae  in  Table  2. 
Equations  22  and  26,  are  within  an  average  of  1.9  per  cent 
on  the  conservative  side  of  test  results,  the  maximum  devia¬ 
tion  being  3.5  per  cent ’’for  welded  steel  construction j  average 
deviation  for  machined  steel  construction  is  4.9  per  cent  on 
the  conservative  side,  the  maximum  being  6.0  per  cent.  Model 
2  of  machined  aluminum  construction  shows  a  theoretical  value 
6.1  per  cent  on  the  unconservative  side  of  experiment. 

Table  2  also  shows  a  comparison  between  the  analysis 
presented  in  this  report  and  Reynolds'  (3)  theoretical  results. 
For  the  eight  geometries  considered.  Equations  22  and  26,  p„, 
and  Equation  27,  p^,  for  the  plastic-  and  elastic -buckling 
pressures,  respectively,  are  approximately  3  per  cent  on  the 
conservative  side  of  Reynolds*  (3)  comparable  solutions. 

Figure  12  gives  a  graphical  representation  of  theoretical  ver¬ 
sus  experimental  collapse  pressiu’es  for  the  steel  C2rl.lnders 
shown  in  Table  2.  Equations  22  and  26,  p^,  and  Reynolds*  (3) 
plastic  equations  are  shown  to  agree  within  approximately  6 
per  cent  of  the  experiments.  The  elastic  equations.  Equation 

tt 

27,  Pa*  Mlses  (1),  Sanden  and  Tolke  (2),  and  Reynolds  (3), 

€ 

predict  collapse  pressures  which  are  unconservatlve  when  com¬ 


pared  with  the  experimental  results.  This  can  be  expected, 
since  all  the  test  models  collapsed  plastically. 
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The . property  parwaeter,  defined  ae 


18  shown  superimposed  on  the  graphs  in  Figure  12.  Vfhen  h/R 
is  relatively  high  and  d  /E  is  relatively  small,  a  high  value 
of  5  is  obtained.  This  Is  the  case  for  Model  U-12,  in  which 
h/R  is  0.0193  and  dy/E  is  2.27x10"®  for  0.488  frame  area  to  shell 
area  ratio  (see  Table  2).  Also,  for  small  values  of  h/R  and 
large  d  /E  a  low  §  is  obtained,  as  shown  for  Models  T-2A  and 
T-3.  The  trend  of  the  ^  curve  in  Plgui'e  12  agrees  favorably 
with  the  trend  of  the  elastic-buckling  equations.  This  should 
be  expected,  as  for  Model  U-12  the  large  h/R.lncreases  the 
theoretical  elastic -buckling  pressure,  and  the  small  d  /E 

w 

lowers  the  experimental  collapse  pressure.  Thus,  for  this 
case,  a  high  ratio  of  theoretical  collapse  to  experimental 
collapse  Is  obtained.  Conversely,  for  Models  T-2A  and  T-3 
the  small  h/R  and  large  d  /E  produce  more  conservative  values 

V 

for  the  ratio  of  theoretical  collapse  to  experimental  col¬ 
lapse.  The  trend  of  the  plastic -buckling  equations  is  inverted 
from  the  ^  cvu’ve.  This  Is  explained  by  noting  that  Equation 
22,  which  defines  the  plastic-buckling  pressure.  Is  a  function 
of  the  effective  stress,  0^^,  In  the  elastlc-plastlc  region. 

For  relatively  small  values  of  d^/E  the  effective  stresses  are 
also  relatively  small,  and  the  intersection  of  Equations  22 
and  26  occurs  at  a  relatively  lower  pressure. 


TABES  S 


rs  '<> 


COMPARISON  OF  THEQRBTICAl.  ANB  EXProiHBNTAL  COLLARS  PRBSSt^ 


-Mbdal  Ruoiber 

P  -  2* 

r  -  3* 

r-  6* 

P  -  8A* 

T  -  -7JP 

U  -  ll 

0  - 

.  2 

Relative  Frame  size** 

0.952 

0.69^ 

0.609 

0.418 

0.289 

0.488 

0.576 

0.400 

6  /E  X  10® 

2.93 

3.60 

3.83 

3.43 

2.80 

2.27 

2.35 

6.89'  • 

^^R  X  10* 

0.679 

o.66q 

0.953 

0.653 

0.979 

1.093 

0.873 

1.525 

Shape  of  Frame  . 

Tee 

Rectangular 

Tee 

Material 

T  -  Steel 

Mild  Steel 

7075-T6 

Construction 

Welded 

Machined 

Exp.  Collapse  Press. 

670 

553' 

1005 

680 

770 

975 

735 

1400 

Inelastic 

Buckling 

Eqs.  22  & 

26,  Pg 

T  /  E*** 

662 

0.988 

5^*8 

0.991 

980 

0.975 

691 

1.016 

743 

0.965 

917 

0.940 

707 

0.962 

1485 

1-061 

Reynolds(3) 
T  /  E 

696 

1.039 

563 

1.018 

1016 

1.011 

705 

1.037 

748 

0.971 

938 

0.962 

734 

0.999" 

1502 

1.073 

Elastic 

Buckling 

Eq.  a?. 

T  /l 

878 

1.310 

603 

1.090 

1210 

1.204 

755 

1.110 

978 

1.270 

1895 

1.944 

988 

1.344 

1943 

1.388 

Reynolds 

T  /  E 

906 

1.352 

626 

1.132 

1259 

1.253 

75S 

1.112 

1010 

1.312 

1907 

1.956 

1002 

1.362 

1976 

1.411 

Sanden- 

TSlke  (2) 

T  /  e'  ' 

930 

1.388 

631 

1.141 

1258 

1.252 

773 

1.1.37 

1032 

1.340 

2014 

2.066 

1054 

1 . 434 

1977 

1.412 

Nises  (1} 

T  /  E 

786 

1.173 

585 

1.058 

1180 

1.174 

705 

1.037 

995 

1.292 

1786 

L.832 

963 

1.310 

1815 

1.296 

,  *  Data  taken  from  reference  3 
»*  Relative  Frame  Size  la  Frame  Area/Shell  Area 
*»*  Theoretical  Collapse/Experimental  Collapse 
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Property  parameter 


The  following  oonclxuilons  oan  he  made  for  stiff ei^d 
cylindrical  shells  loaded  under  external  hydrostatic,  pressure t 

1.  The  theory  presented  by, the  author  for  asymmetric 
buckling  adequately  predicts  collapse  presBures 
for  shell  geometries  constructed  from 

a.  high-strength  steel  (Reynolds*  (3) 
experimental  data)  and 

b.  high-strength  aluminum, 

when  the  observed  collapse  is  in  the  asymmetric 
mode . 

2.  For  a  cylinder  made  of  7075 -T6  aluminum  and  having 
a  shell  flexibility  parameter  of  2.5,  an  increase 
in  relative  frame  size  leads  to 

a.  a  change  in  the  observed  mode  of  failure 
between  30-percent  and  40-percent  frame 
size  from  plastic  general  Instability  to 
plastic  asymmetric  buckling, 

b.  a  change  in  the  observed  mode  of  failure 
between  4o-percent  and  70-percent  frame 
size  from  plastic  buckling  to  an  axlsym- 
metrlc  yield-type  collapse, 

c.  a  change  in  the  predicted  mode  of  failure 
from  asymmetric  buckling  to  axlsymmetrlc 


49 


yielding  at  6S-p9roent  ttm»  else 

(4)  plaetlc  hinge  and"  Equations  22  and  2$, 

Pq), 

d.  an  increase  In  the  theoretical  asyimnetric 
buckling  pressures  between  30-percent  and 
70-percent  frame  size, 

e.  an  increase  in  the  experimental  and  theo¬ 
retical  longitudinal  bending  strains  at  the 
frame  locations,  and 

f.  a  decrease  in  the  experimental  and  theo¬ 
retical  circumferential  strains  at  the 
midbay  and  frame  locations. 

A  decrease  in  the  shell  flexibility  parameter,  0, 
leads  to 

a.  an  increase  in  the  plastic  asymmetric 
buckling  pressures,  p„,  for  a  specified 
per  cent  frame  size  and 

b.  a  higher  rate  of  increase  in  the  plastic 
buckling  pressures  for  an  increase  in  per¬ 
cent  frame  size. 


This  thesis  was  written  under  the  supervision  of 
ftMf^sBor  K’.k.  Heohtman  of  The  George  tfeshlngton  University, 
and  is  based  on  a  study  carried  out  at  the  David  Taylor  Model 
Basin  under  the  direction  of  Mr.  J.  Q-.  Pulos  and'Dr.  E. 
Lunohiok.  The  author  wishes  to  express  his  gratitude  to  these 
individuals  for  their  assistance  and  suggestions.  He  is  also 
grateful  to  Mr.  T.  E.  Reynolds  for  his  valuable  comments,  and 
to  Mr.  R.  D.  Short  for  checking  the  theoretical  derivations. 


NOTATION 


Ap  Effective  area  of  frame  opobb  section,  sq,  In. 

Aj^  Coefficients  for  plastic -buckling  equation.  In."® 
b  Paying  width  of  frame.  In. 

Cii  Gerard's  plasticity  coefficients,  dimensionless 

D  Bending  rigidity  of  shell,  E  h®/l2(l  -v®),  lb. -In. 

E  Young's  modulus,  pel 

Eg  Secant  modulus,  psl 

E^  tangent  modulus,  psl 

h  Shell  thickness,  in. 

k  Mode  shape  coefficient,  n/R,  In."^ 

Lp  Center  to  center  spacing  of  frames,  in. 

L  Unsupported  length  of  cylinder,  Lp  -  b.  In. 

M  Moduli  psu'ameter,  1  -  E^/E^,  dimensionless 

m,  n  N\imbers  of  half-waves  of  the  buckling  configura¬ 
tion  in  axial  and  circumferential  directions, 
respectively,  dimensionless 

N„,  N,„  Forces  per  unit  length,  lbs.  per  In. 

p  Pressure,  psl 

p_  Elastic  buckling  pressure,  psl 

p^  Plastic  buckling  pressure,  Eouatlon  22.  psl 
y 

p  Plastic  collapse  pressure.  Equations  22  and  26,  psl 
c 

R  Radius  of  cylinder  to  midplane  of  shell.  In. 

Rp  Radius  of  cylinder  to  c.g.  of  frame,  in. 
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VLt  V,  w  Shell  d^8pla4«n«nt84  In. 

Xj  y,  z  Coordinates,  dlmenslonleas 

a  Effective  stress  parameter,  3/0j:®(i  -  E^/Eg)#  psl’* 

7i  Meas\ire  of  beam-column  effect,  p/2E(R/h)®  Vl  -  v^, 
dimensionless 

§  Property  parameter,  dimensionless 

y 

y  Shear  strain,  radians 

€  ,  €  Membrane  strains.  In,  per  In. 

X 

Effective  strain,  in.  per  In. 

0  Shell  flexibility  parameter,  [3(1  -  v®)]^/*  L//lh, 
dimensionless 

^  Mode  shape  coefficient,  mJT/L,  In. 

V  Poisson's  ratio,  dimensionless 

V  Elastic  value  of  Poisson's  ratio,  dimensionless 

e 

Membrane  stresses,  psi 
Effective  stress,  psi 
fi  Elastic  limit  stress,  psi 

fl  yield  stress,  psi 

0  Stress  function,  dimensionless 

T  Shear  stress,  psi 


APFSNDIX  A 


For  simplification,  the  terms  Pj,  and  Fa  in  the  Salem© 
Palos  axl symmetric  stress  distribution  expressions  are  shown 
In  Figures  13  and  14  where 
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Figure  14*  Function  F* 


appenBix  b 

Qerard  (6),  In  his  derivation  of  the  plaatio-huckllng 
equilibrium  equations, . assumes  that  when  buckling  occurs  the 
displacements  u,  v,  and  w  increase  slightly  from  that  of  the 
displaced  .equlllbrliun  position  Just  before  buckling.  These 
changes  in  displacements  cause  incremental  changes  in  the  forces 
and  moments,  designated  by  primes,  ('),  and  are  defined  as 
follows: 

^ I  C,x  '"k  C/jt  63  J 

///  ^  JS  (  "'“js,  Czt  ”  “Ti  Czy 

//m  *  'X  C  it  ^  ) 

’  4  Xj)  [Bl] 

MJ  '  -/^(CaaXj^iCa,  X.^'k  ^zi\) 

/Mi  '-f 


where 


and  the  plasticity  coefficients  are  as  follower 

eJx* 

*  j  -  (x.-tjr 

c„-/- 
0„‘J  - 

IB3) 

C^/  »  C/j  ~  oc  o'^ 

Cai®  C^3  ”■  ^  ^ 

In  which  the  effective  stress  parameter  is 

3  I  I  ^ 


The  axial  rigidity  is 


and  the  tending  rigidity  is 

D  -  )  ll 

and  the  effective  stress,  as  defined  by  the  octahedral  shear 


law, is 


In  the  above  equations  Gerard  has  made  the  assumption  that 
Poisson's  ratio  is  1/2,  which  is  true  for  an  isotropic,  incom¬ 
pressible  material.  This  simplifies  the  derivation  of  the 
equilibrium  equations. 

The  equilibrium  equations,  as  shown  by  Gerard,  are 


»Ai'  ^ 

3/Vi(5 

«  n 

-  TT 

8 

3^/  , 

■  TT 

b  /V5cj 
dx 

r  0 

^  X* 

“  ^  dx  a.5 

^6^ 

■h  N  ^ 

‘t  p  s  O 


where  N  ,  N  ,  and  N  are  Inada  per  unit  width,  and  p  is  external 

s  xs 

pressure.  By  use  of  Equations  B1  and  B2  these  equilibrliim  .  . 

_  _ _  _ _ _  ^  4  ^  +*V^A'tV» 
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